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This paper estimates trends in factor price elasticities adding energy Btu input to fixed 
capital assets and the labor force in annual US data from 1949 to 2013.  Second order 
effects improve estimates of the production function in log differences.  The unrestricted 
estimates test for concavity and constant returns to scale.  Adding energy input reduces 
the apparent productivity of labor and reveals strong capital-labor factor price elasticities 
with pronounced trends.  Energy and labor trend to become weak complements.  These 
trends offer insight into recent economic history and keys to predicting the future as well. 
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The present paper estimates trends in factor price elasticities adding energy Btu input to fixed 
capital assets and the labor force in estimated production function for annual US data from 1949 
to 2013.  The log difference stationary series lead to reliable difference equation estimates with 
second order effects that improve fit and increase the range of factor price elasticities.  Adding 
energy input increases explanatory power by half and reveals stronger trends in factor price 
elasticities involving capital and labor.  The marginal rates of substitution of energy for both 
capital and labor trend to become very elastic after the energy crises while the marginal rate of 
substitution of labor for capital trends to become more inelastic.  Aside from these empirical 
reasons, adding energy input is motivated by its role in refining, operating machinery and 
equipment, transport, indoor climate control, lighting, and electronics.           
Log linear estimates with the present data lead to weak cross price substitutes as in the 
applied production literature.  The second order effects increase the range of factor price 
elasticities to strong substitutes and weak complements.  A structural break for the energy crisis 
proves significant.  The constant terms in the log difference estimates provide tests of the null 
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hypothesis of an unexplained output trend, and the estimated parameters provide tests of 
concavity and constant returns to scale.     
Trends in factor price elasticities are derived based on cost minimizing behavior.  The own 
labor elasticity trends to become elastic, much more when energy input is added.  The capital-
wage cross price elasticity has an accelerating trend becoming more elastic especially adding 
energy input.  Cross price elasticities between capital and energy are weak but trending upward 
suggesting the issue of capital-energy complements in the literature is becoming less critical.  
An unexpected property is that labor trends to become a weak complement with energy 
suggesting rising energy prices would hurt labor.  The present trends in factor price elasticities 
offer insight into recent economic history and provide hints for future policy.  
Section 1 briefly reviews the theory of factor price elasticities based on cost minimizing 
behavior.  Section 2 reviews the applied literature that includes energy input with capital and 
labor.  Section 3 analyzes properties of the present time series and discusses derived trends in 
average products and factor intensities.  Section 4 presents estimates of log linear production 
functions with and without energy input.  Section 5 examines the influence of second order 
effects in the estimated production functions.  Section 6 compares trends in factor price 
elasticities across different specifications.  The Conclusion discusses some of the implications 
of the estimated trends in factor price elasticities. 
1      Cost Minimization and Factor Price Elasticities 
The fundamental theory of input price elasticities based on cost minimization is developed in 
Allen (1938), Ferguson and Pfouts (1962), Berndt and Christensen (1973), and Takayama 
(1993).  Energy input is explicitly included by Field and Grebenstein (1980) and Denny, Fuss, 
and Waverman (1981).  The theory starts with the Lagrangian constrained cost minimization 
including the production function Y(K, L, E) with capital K, labor L, and energy E inputs paid 
r, w, and e.  Cost is minimized to produce output Y with input levels selected given input prices 
leading to the first order conditions, 
  = rK + wL + eE  ൫Y – Y(K, L, E)൯       
 =  Y – Y(K, L, E) = 0    (1) 
  ୏ = r – Y୏  = ୐  = w – Y୐ = ୉ = e – Y୉ = 0 
The present focus is on unit output Y = 1 as the basis of factor price elasticities.  Competitive 
pricing implies marginal cost  = 1  on the unit isoquant where Y = 1  and dY = Y୏dK +
Y୐dL + Y୉dE = 0.   Slopes of the unit isoquant are the three marginal rates of substitution, 
dK/dL = −Y୐/Y୏ , dK/dE = −Y୐/Y୏ , and dL/dE = −Y୉/Y୐ .  The total differential of cost 
c = rK + wL + eE reduces to dc = Kdr + Ldw + Ede due to cost minimization.  Constant 
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returns to scale CRS imply the cost function is homogenous of degree one with c = f(∂c/ ∂f) 
where f represents factor prices r, w, and e.  Shephard’s lemma ∂c/ ∂f = F where F represents 
an input level follows from cost minimization.     
The present specification adds second order effects to the log linear specification,    
 lnY = aଵlnK + aଶlnL + aଷlnE + aସlnKlnL + aହlnKlnE + a଺lnLlnE. (2) 
The three cross effects are tested first separately, then in pairs, and finally together as in (2).  
The difference stationary series lead to estimates in differences,   
lnY = a଴ + aଵlnK + aଶlnL + aଷlnE + aସ(lnKlnL) + aହ(lnKlnE) + 
 a଺(lnLlnE)  +  .        (3) 
Estimates of the log linear specification have residual correlation while the second order effects 
lead to reliable time series properties.  A structural break for the energy crisis improves the 
estimates. 
First order derivatives of (2) are ୏  ப୪୬ଢ଼  ப୪୬୏ = aଵ + aସlnL + aହlnE , ୐ = aଶ + aସlnK +
a଺lnE, and ୉ = aଷ + aହ lnK + a଺ lnL.  The marginal effects for capital with ୏ = Y୏K/Y 
lead to marginal product Y୏ = ేଢ଼୏   and the second order effects Y୏୏ = ୏(୏– 1)Y/Kଶ, Y୏୐ =
Y୐୏ = (aସ + ୏୐)Y/KL, and Y୏୉ = Y୉୏ = (aହ + ୏୉)Y/KE.  The ୧ would be factor shares 
୧ assuming factors are paid marginal products.  Second order effects introduce flexible factor 
shares while the log linear specification implies ୧ = a୧.  Second order effects can reveal elastic 
substitutes and complements while log linear production is limited to weak or moderate 
substitutes.     
The total differential of the first order condition r =  Y୏ in (1) is dr = Y୏d + dY୏ =
Y୏d + (Y୏୏dK + Y୏୐dL + Y୏୉dE) with similar expressions for dw and de.  Including the 
differential of output dY =  0  results in the familiar bordered Hessian system for cost 
minimization.  Its determinant  =  ଶQ୧  is negative where the Q୧  are negative quadratic 
terms.  For example, the 𝑄௜ for the own partial derivative of capital with respect to its price is 
𝜕K/ ∂r = −(Y୐ଶY୉୉ + Y୉ଶY୐୐– 2Y୐Y୉Y୐୉)/ <  0 .  Concavity is ensured by positive 
diminishing marginal products in Y୧ > 0 and Y୧୧ < 0 and by Y୧୩ > 0.  In the present estimates, 
concavity is tested as a null hypothesis.  
Factor price elasticities are derived from the partial derivatives of (2).  For instance, 
∂K/ ∂e = [Y୉Y୏Y୐୐ + 𝑌௅ଶY୏୉ – Y୐Y୉Y୏୐ – Y୏Y୐Y୐୉)]/ leading to the elasticity of capital 
with respect to the price of energy ୏ୣ  (∂K/ ∂e)(Y୉/K).  Complements ∂K/ ∂e =  ∂E/ ∂r <
 0 would be favored by a positive Y୏୉ > 0 as an increase in the price of energy lowering E input 
would reduce 𝑌௄ favoring a reduction in K as well.  A negative effect with labor would also 
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favor KE complements as the reduced K and E inputs would raise the marginal product Y୐ of 
labor making it more attractive.     
2      The Empirical Literature on KLE Cross Price Elasticities  
Estimates of factor price elasticities including energy input typically find weak cross price 
substitutes as in Griffin and Gregory (1976), Chang (1994), Caloghiro, Mourelatos, and 
Thompson (1997), Kemfert (1998), Barnett, Reutter, and Thompson (1998), Mahmud (2000), 
Urga and Walters (2003), and Koetse, de Groot, and Florax (2008).  Capital-energy 
complements are reported by Berndt and Wood (1975), Ehud and Melnik (1981), Moroney 
(1992), and Frondel and Schmidt (2002).  This literature mostly relies on estimates of translog 
cost or production function share equations as reviewed by Apostolakis (1990) and Thompson 
(2006).    
Refinements in methodology include a model of noncompetitive pricing for energy input in 
Capros, Karadeloglou, and Mentzas (1989) who find negative output elasticities for labor in 
Europe.  Kummel, Henn, and Lindenberger (2002) develop a model of technological change 
finding overpaid labor at the expense of underpaid energy in the US, Japan, and Germany.  
Ayres, van der Bergh, Lindenberger, and Warr (2013) and Ayres and Voudouris (2014) uncover 
nonlinear relationships between output and inputs of capital, labor, and energy.  Energy is 
shown to be a critical input by van der Werf (2008) who does not reject the assumption of 
nesting energy with capital and labor.  Thompson (2016) introduces a production function 
motivated by the definition of work in physics with both labor and Btu energy providing force 
for work. 
Recent capital-labor estimates introduce techniques that could be applied to specifications 
including energy input. Pintus (2006) estimates price elasticities under a general form of 
technology. Juselius (2008) develops an indirect estimate based on behavioral equations.  
Raurich, Sala, and Sorolla (2012) estimate a model with imperfect competition in the labor 
market.   
3      The Series, Average Products, and Factor Intensities 
Figure 1 shows the mean weighted series of the present data covering the years 1949 to 2013.  
Indices of US gross domestic product Y and fixed capital assets K are both 100 in 2009.  The 
mean of the full-time equivalent labor force L in millions is 83.6.  The mean of energy Btu 
input E is 58.2.  The Y, K, and L series are from the Federal Reserve Economic Data FRED 
(2019) and the E series from the Energy Information Agency (2019).     
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Figure 1. US Output and Factor Input Data Relative to Means 
 
  
Sources: Y = GDP index from Federal Reserve Economic Data FRED (2019) 
K = Fixed capital assets index from FRED (2019) 
L = Full time equivalent labor force from FRED (2019) 
E = Energy Btu input from Energy Information Agency (2019) 
Output and capital increase at slightly increasing rates while labor and energy increase at slower 
steady rates.  The labor force has periodic episodes of slow growth and decline.  The increasing 
trend in energy decelerates at the energy crises during the 1970s and 1980s.  Capital 
characterized by periodic jumps followed by gradually slower growth is highly dependent on 
any number of lags.  The labor series is characterized by periodic increases followed by slow 
unsteady declines, suggesting sticky employment.  The energy series has the highest variation.  
The trend in output appears to depend on fixed capital assets with variation around the trend 
due to labor and energy inputs.   
Figure 2 plots the average products of the three inputs derived from their mean weighted 
values in Figure 1. The average product Y/K of capital as a ratio of those two indices is 
relatively stable. The average product Y/L of labor generally grows steadily at an average rate 
of 1.6% but decreases during the early 1950s and following the financial crisis after 2010.   
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Figure 2. Average Products of Factors 
 
Sources: See Figure 1 
A structural break for the financial crisis proves insignificant.  The average product Y/E of 
energy changes from a steady decline to an increasing trend at the energy crisis, evidence of 
improving energy efficiency of investment.  The structural break at for the energy crisis in 1973 
proves significant.     
Figure 3 compares trends in the three factor intensities.  Capital-labor intensity K/L 
increases at a steady pace with occasional jumps.  The two energy intensities K/E and L/E 
increase following the energy crisis as the economy becomes less energy intensive due to the 
higher price of energy.  Overall, capital intensity has increased while labor intensity has 
decreased relative to capital but reversed to an increase relative to energy.  These trends suggest 
the capital return falls relative to the wage and price of energy, with the wage switching to a 
decrease relative to the price of energy at the energy crisis.  
Figure 4 shows percentage changes of the series as differences of natural logs.  The means 
(standard deviations) are 3.20 (2.33) for lnY, 3.02 (0.92) for lnK, 1.40 (2.40) for lnL, and 
1.65 (3.19) for lnE.  Capital grows at a much steadier pace than labor or especially energy.  
The apparent downward trend in Figure 4 proves insignificant in the estimates.  
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Figure 3.  Factor Intensities Based on Mean Weighted Series 
 
Sources: See Figure 1  
Figure 4.  Percentage Changes in Series  
 
 
 
Sources: See Figure 1. 
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Table 1 reports augmented Dickey-Fuller ADF pretests for natural logs of the series that prove 
difference stationary except for labor that has persistence over any number of lags.  Labor is 
not double difference stationary in unreported tests.  The difference equation estimates of (2) 
nevertheless have reliable econometric properties.  There is no evidence of residual correlation 
in the ρ coefficients, and no evidence of residual heteroskedasticity in the Arch(1) coefficients.   
Table 1. Difference stationary ADF tests 
dlnV const V-1x10-3 tx10-3 dlnV-1 ρ Arch(1) 
Y 1.33 (1.53) 
-0.65 
(0.49)
0.70 
(0.78)
0.15 
(0.12) -0.06 0.47 
K -0.28 (0.80) 
-0.17 
(0.12)
0.15 
(0.18)
0.75* 
(0.08) 0.21* -0.001 
L -5.15* (1.94) 
-2.81* 
(0.81)
2.70* 
(1.01)
0.38* 
(0.12) -0.05 -0.19 
E -1.14 (1.51) 
-1.31 
(0.86)
0.62 
(0.74)
0.10 
(0.13) -0.02 1.71* 
* significant at the 10% level 
4      Estimates of Log Linear Production Functions 
The difference stationary properties of the series in Table 1 lead to reliable estimates of 
difference equations.  A 1973 structural break for the energy crisis proves significant and is 
included in all estimates while breaks for the financial crisis and a time trend are not significant.  
The null hypothesis of no residual correlation is not rejected by Durbin-Watson (1951) DW 
statistics.  The null hypothesis of homoskedasticity is not rejected by Arch(1) statistics.   
Table 2 reports log linear estimates for the capital-labor KL model and the capital-labor-
energy KLE model.  The KLE estimate without the break has almost exact CRS although the 
significant constant term implies an unexplained trend in output.  The energy crisis structural 
break strengthens the output elasticity of capital due to increasingly energy efficient investment.  
The insignificant constant terms suggest the fixed capital asset series must successfully imbed 
technology. 
Adding energy input raises explanatory power in the adjusted R2 values by half and reduces 
the labor coefficient by the same degree.  The KLE estimates only marginally reject the null 
hypothesis of constant returns to scale CRS that the sum of the coefficients equals one.  The 
output elasticity of energy is twice that of labor.   
Table 3 compares marginal products and price elasticities evaluated in 2013 at the end of 
sample when (Y, K, L, E) = (108.1, 104.3, 115.8, 76.0).  Marginal products 𝑌௄ of capital and 
𝑌௅ of labor are lower in the KLE model than in the KL model and are consistently lower than 
the marginal product 𝑌௄ா of energy.   
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Table 2. Log Linear Estimates  
 KL KLE KLE
constant 0.001 (0.008)
0.012† 
(0.005)
-0.002 
(0.009)
lnK 0.89
‡ 
(0.26)
0.26 
(0.19)
0.60† 
(0.26)
lnL 0.46
‡ 
(0.10)
0.28‡ 
(0.07)
0.21† 
(0.08)
lnE  0.46
‡
(0.05)
0.49‡ 
(0.06)
break73   0.008
* 
(0.004)
adjR2 0.521 0.779 0.778
DW 2.14 1.85 1.80
Arch(1) -0.17 -1.24 -0.73
CRS 1.35 (0.28)
1.02 
(0.21)
1.30 
(0.28)
*10%    †5%   ‡1% 
Table 3. Log Linear Productivities and Price Elasticities, 2013 
 
 
 
 
 
 
 
 
 
 
 
 
 
Adding energy input increases the second order own capital effect Y୏୏  and diminishes the 
impact of labor in the second order Y୐୐ and Y୉୉ own effects in Table 3.  The effect Y୏୉   of 
energy on the marginal product of capital is larger than the effect Y୏୐ of labor.  Adding energy 
increases the own capital elasticity ୏୰ and the own labor elasticity ୐୵ but reduces their cross 
price elasticities ୐୰ and ୏୵.  Energy is a moderate substitute relative to the prices of capital 
and labor in εEr and εEw.  Relative to the price of energy, labor is a weak substitute in ୐ୣ and 
 KL   εik   
YK 0.92 YL 0.43 K L
YK
K -0.0010 YKL 0.0037 r -0.34 0.34 
 
YLL -0.0020  w 0.66 -0.66
  
 KLE  
YK 0.62 YL 0.19  εik   
YE 0.69  K L E
YK
K -0.0024 YKL 0.0011 r -0.54 0.16 0.38 
YLL -0.0013 YKE 0.0040 w 0.46 -0.84 0.38 
YEE -0.0047 YLE 0.0012 e 0.46 0.16 -0.62 
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capital a moderate substitute in ୏ୣ.  The strongest elasticity for own labor ୐୵ is amplified by 
second order effects. 
5      Production Function Estimates with Second Order Effects  
Table 4 presents estimates of the production function (3) with viable second order effects.  The 
KE-LE model with those two second order effects violates concavity.  The KE-KL-LE model 
has no significant coefficients.  Any estimate with a second order own effect violates concavity.           
Table 4. Estimates with Second Order Effects 
 KL  KLEKL KLEKE KLELE KLEKL-
KE
KLEKL-
LE 
constant 0.003 (0.01) 
-0.008 
(0.010)
-0.006 
(0.010)
-0.008 
(0.010)
0.008 
(0.01)
-0.009 
(0.010) 
lnK 1.50
‡ 
(0.41) 
1.25† 
(0.49)
0.93† 
(0.43)
0.72‡ 
(0.27)
1.26† 
(0.51)
1.12* 
(0.66) 
lnL 1.14
‡ 
(0.37) 
0.65† 
(0.30)
0.18† 
(0.09)
0.71† 
(0.36)
0.64 
(0.40)
0.71* 
(0.36) 
lnE  0.47
‡ 
(0.06)
0.73‡ 
(0.26)
1.05† 
(0.40)
0.48 
(0.33)
0.68 
(0.70) 
KL -0.18
* 
(0.09) 
-0.12 
(0.08)   
-0.12 
(0.10)
-0.09 
(0.14) 
KE   0.07 (0.07)  
-0.003 
(0.09)  
LE    -0.13 (0.09)  
-0.05 
(0.16) 
break73  0.012
† 
(0.005)
0.011† 
(0.005)
0.011† 
(0.005)
0.012† 
(0.006)
0.013† 
(0.005) 
adjR2 0.548 0.783 0.777 0.781 0.779 0.779 
DW 2.12 1.82 1.80 1.80 1.85 1.81 
Arch(1) 0.49 -0.64 -0.58 -0.49 -0.52 -0.57 
ϕK 0.65 (0.60) 
0.66 
(0.63)
0.64 
(0.52)
0.72 
(0.27)
0.66 
(0.80)
0.69 
(0.94) 
ϕL 0.31 (0.57) 
0.07 
(0.48)
0.18† 
(0.09)
0.13‡ 
(0.36)
0.07 
(0.63)
0.08 
(1.07) 
constant 0.003 (0.01) 
-0.008 
(0.010)
-0.006 
(0.010)
-0.008 
(0.010)
0.008 
(0.01)
-0.009 
(0.010) 
ϕE  0.47
‡ 
(0.06)
0.42 
(0.41)
0.42 
(0.41)
0.47 
(0.53)
(0.45) 
(0.94) 
CRS 0.95 (0.83) 
1.20 
(0.79)
1.25 
(0.67)
1.27 
(0.60)
1.20 
(1.15)
1.22 
(1.76) 
*10%    †5%   ‡1% 
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Adding energy input to the capital-labor model increases explanatory power by half and lowers 
the first order effects of labor to the same degree.  First order coefficients of capital are 
consistent and robust.  Estimates do not reject CRS as indicated by the sum (SE) of the derived 
ϕi terms.  The second order effects improve the fit of the production surface but increase 
imprecision.   
Table 5 summarizes derived marginal products and price elasticities evaluated at the end of 
sample as in Table 3.  Adding energy noticeably lowers the marginal product YL of labor.  The 
positive YKE favors complements consistent with estimates in the literature.  The negative YKL 
favors strong capital-labor substitutes.   
An increase in the wage would reduce the labor share of income given the elastic own wage 
effect εLw with elastic substitution toward capital in ୏୵.  The negative KL terms contribute 
to elastic substitution toward capital.   
Decreased labor input due to an increase in the wage would raise the marginal product of 
capital due to the negative second order effect.  Investment is labor saving and energy efficient 
in the negative εEw and the KL effects.   
An increase in the price of capital leads to a moderate own effect in the εKr elasticities with 
consistently more substitution toward energy in εEr than toward labor in εLr.  These two cross 
price elasticities are moderate to weak regardless of second order effects.  Adding energy input 
diminishes the apparent substitution toward labor due to an increase in the price of capital by 
at least half comparing εLr in the KL and KLE models.   
An increase in the price of energy leads to a moderate own effect in εEe with substitution 
toward capital in the εKe elasticities across all specifications.  Labor is a very weak substitute 
or weak complement relative to the price of energy in εLe.  The two negative LE effects favor 
labor as a substitute but capital effects favor weak labor-energy complements in εLe.   
6      Trends in Marginal Products and Price Elasticities 
Trends in marginal products and price elasticities for the second order KL model and the KL-
KE model are shown in Figures 5-9.  The trends in all KLE models in Table 4 are very similar 
to the KL-KE model.  The marginal product of capital in Figure 5 is relatively high and stable 
across all models.  Adding energy input, the marginal product of labor is reduced and has a 
negative trend.  The marginal product of energy accelerates its upward trend following the 
energy crisis and surpasses labor.   
Figure 6 compares trends in the own capital and own labor elasticities.  The moderate own 
capital elasticity has a slight upward trend in the KL model but a downward trend in the KLE 
model.  The own labor elasticities are much stronger, decreasing at an increasing rate and 
becoming elastic.      
Figure 7 compares capital-labor KL cross price elasticities.  The elasticity of capital input 
K relative to the wage w trends to become stronger and elastic while the more moderate 
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elasticity of labor L relative to the price r of capital weakens.  Adding energy input accelerates 
the divergence of cross price elasticities related to the wage.   
Table 5. Productivities and Price Elasticities, 2013 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
       
 
 
 
 
 
 
 
Figure 8 shows trends in the energy related elasticities.  Relative to the price of energy, capital 
is a moderate substitute with a strengthening trend while labor trends to become a weaker 
substitute.   
KL    
YK 0.66 YL 0.20 εik  K L  
YKK -0.0044 YKL 0.0002 r -0.52 0.52  
YLL -0.0016  w 1.08 -1.08  
KLE    
 KL   
YK 0.69 YL 0.07 εik  K L E 
YE 0.67  r -0.67 0.20 0.48 
YKK -0.0022 YKL -0.0007 w 1.83 -1.40 -0.43 
YLL -0.0005 YKE 0.0042 e 0.67 -0.06 -0.61 
YEE -0.0047 YLE 0.0004  
 KE   
YK 0.67 YL 0.17 εik  K L E 
YE 0.60  r -0.54 0.15 0.40 
YKK -0.0023 YKL 0.0010 w 0.52 -0.84 0.32 
YLL -0.0012 YKE 0.0028 e 0.61 0.14 -0.74 
YEE -0.0046 YLE 0.0009  
 KL   
YK 0.69 YL 0.06 εik  K L E 
YE 0.67  r -0.68 0.20 0.48 
YKK -0.0022 YKL -0.0007 w 1.90 -1.43 -0.47 
YLL -0.0005 YKE 0.0043 e 0.68 -0.07 -0.61 
YEE -0.0047 YLE 0.0004  
 KL-KE   
YK 0.69 YL 0.07 εik  K L E 
YE 0.67  r -0.67 0.20 0.48 
YKK -0.0022 YKL -0.0007 w 1.83 -1.40 -0.43 
YLL -0.0005 YKE 0.0042 e 0.67 -0.06 -0.61 
YEE -0.0047 YLE 0.0004  
 KL-LE   
YK 0.72 YL 0.07 εik  K L E 
YE 0.64  r -0.46 0.09 0.36 
YKK -0.0021 YKL -0.0003 w 0.82 -1.22 0.39 
YLL -0.0006 YKE 0.0042 e 0.56 0.07 -0.63 
YEE -0.0046 YLE -0.0002  
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Figure 5. Marginal products in KL and KL-KE estimates 
 
Sources: Estimates in Table 4 and derivations 
Figure 6.  Capital and Labor Own Elasticities in the KL and KLE Estimates 
 
Sources: Estimates in Table 4 and derivations 
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Figure 7.  Capital and Labor Cross Price Elasticities in the KL and KLE Estimates 
  
 
Sources: Estimates in Table 4 and derivations 
Figure 8.  Energy Elasticities in the KL-KE Model 
 
 
Sources: Estimates in Table 4 and derivations 
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Energy trends to a stronger substitute relative to the price of capital but a weaker substitute 
relative to the wage.  Energy and labor trend to become weak complements implying increased 
energy resource scarcity over the coming decades will reduce cost minimizing labor input.   
Figure 9 shows the implied trends in marginal rates of substitution MRS in the KL-KE 
model that are similar in all KLE models.  The MRS-LK of labor relative to capital is derived 
as the ratio of marginal products Y୐/Y୏ that trends upward slightly before the energy crisis and 
downward slightly after.  The consistently rising K/L intensity in Figure 3 suggests the wage w 
must trend above the marginal product Y୐ of labor after the energy crisis.   
Figure 9.  Marginal Rates of Substitution MRS 
 
 
Sources: Estimates in Table 4 and derivations 
The marginal rate of substitution MRS of energy relative to capital MRS-EK trends slowly 
upward until the energy crisis when it accelerates with the rising relative price of energy.  The 
consistently rising K/E intensity in Figure 3 reflects competitive cost minimization for these 
two inputs.   
The marginal rate of substitution MRS-EL of energy relative to labor is stable until the 
energy crisis before it begins a steady upward trend.  The L/E intensity in Figure 3 is consistent 
with competitive cost minimization after the energy crisis.   
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The trends in marginal rates of substitution in Figure 9 together with the factor intensities 
in Figure 3 suggest the labor market is not competitive.  Including energy input exposes this 
lack of competition.     
   
7     Conclusion  
The present results contribute to the evidence that energy is a critical input.  Adding energy 
input affects the trends in factor price elasticities involving capital and labor.  Energy input has 
a robust output elasticity rivaling that of capital and far outranking labor.  The present second 
order effects of energy in the estimated production functions improve fit and accentuate the 
trends of factor price elasticities.   
Capital is revealed to have a moderate but strengthening wage elasticity especially adding 
energy input to the estimates.  Capital has a moderate energy price elasticity with a moderately 
strengthening trend.  Energy is a weak but strengthening substitute relative to the price of 
capital, and a moderate but strengthening substitute relative to the wage.  Energy also has a 
strong own price elasticity with a weakening trend suggesting increasing energy resource 
scarcity will raise the energy share of income.  Labor is characterized by a downward trend in 
marginal product and strong factor price elasticities.  The own labor elasticity trends to become 
elastic implying an increased wage would lower the labor share of income.   
While a model is required to apply the present trends in factor price elasticities, a few 
examples can be mentioned.  The upward trend in the marginal product of energy with its steady 
income share suggests constraints bind the energy market.  One such constraint is the 
monopsony power of franchised electric utilities.  Wars and international politics have aimed 
to weaken monopoly power over energy resource supply.  Energy and labor trending to become 
complements implies rising energy prices would reduce labor demand.   
Adjustments to an increase in the price of capital due to another financial crisis would 
depend on the moderate but upward trending own capital elasticity.  There would be moderate 
but weakening substitution toward labor coupled with moderate but strengthening substitution 
toward energy.  Demand for both labor and energy would increase with the higher price of 
capital with increasing reliance on energy.       
An increase in the legislated minimum wage or union wage will generate increasingly elastic 
substitution away from labor toward capital.  The trend of energy to become a complement with 
labor implies energy demand would decrease with a strong increase in the demand for capital.  
A higher wage would result in a reduction in the labor share of income.  These present trends 
in wage elasticities are consistent with the mounting challenges seeming to face labor.   
Economic growth that would raise the wage might have the opposite effect in a model 
including the trend toward labor-energy complements and an upward trending price of energy.  
Tariffs on labor intensive imports that would raise the wage might have the opposite effect 
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including the trends toward elastic own labor and labor-energy complements.  Models of 
industrial organization generally assume weak factor price substitutes in a capital-labor 
framework.  Models in macroeconomics and labor economics assume weak capital-labor price 
elasticities.  The present trends in factor price elasticities suggest a wide range of economic 
models should consider energy input and trends in factor price elasticities.   
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